By means of variational structure and Z 2 group index theory, we obtain multiple periodic solutions to a class of second-order mixed-type differential equations x (t − τ) + f (t,x(t),x(t − τ),x(t − 2τ)) = 0 and x (t − τ)+λ(t) f 1 (t,x(t),x(t−τ),x(t−2τ))=x(t−τ).
Introduction
Recently, the existence and multiplicity of periodic solutions for second-order functional differential equations has received a great deal of attention (e.g., see [8, 9, 12] ). In [9] , Wang and Yan studied the second-order functional differential equation
x(t) + cx(t − τ) + g t,x(t − σ) = p(t),
(1 
Proof. By
and continuity of inner product, it is easy to see that
First, we use Lemma 1.4 to deal with multiple periodic solutions of the following second-order mixed-type delay equations
(1.7)
Our basic assumptions are that (A 1 ) f (t,u 1 ,u 2 ,u 3 ) ∈ C(R 4 ,R) and ∂ f (t,u 1 ,u 2 ,u 3 )/∂t = 0, as well as there exists a continuous function g(t,u,v) ∈ C(R 3 ,R) that satisfies ∂g/∂u, and ∂g/∂v are well defined such that
(1.9)
Variational structure
where γ is a given positive integer .
It is obvious that H 1 2γτ is a Sobolev space by defining the inner product (·,·) and the norm · , 
Then, for all x, y ∈ H 1 2γτ and ε > 0, we know that
where 0 ≤ θ(t) ≤ 1. It is easy to see that
x(t),ω dω y(t)dt
(2.6)
By the periodicity g(t,u,v), x(t), x(t − τ), and y(t), we get that
Hence,
Therefore, the Euler equation corresponding to the function I(x) is as follows:
It is easy to see that (2.9) is equivalent to (1.7), so the system (1.7) is the Euler equation corresponding to the function I(x). Then, we may get 2γτ-periodic solutions of the system (1.7), by seeking critical points of the function I(x).
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Main results
where
then the problem (1.7) has an infinite number of nontrivial 2γτ-periodic solutions.
It is not difficult to see that if x(t) is a solution of the system (1.7), then −x(t) is also a solution of the system (1.7) by the assumption (A 2 ). That is, the solution of the system (1.7) is a set that is symmetric with respect to the origin in H 
g(t,x(t),ω)dω, it is easy to see that η(t,x)
is an even function in x, so I(x) is an even function in x and we may show that Theorem 3.1 holds by Lemma 1.4.
In order to exploit Lemma 1.4 to find the critical points of function I(x) in (2.4), one needs to verify all the assumptions. First of all, we point out that the functional I(·), defined on H 
The above inequality (3.3) is equivalent to
Replacing x and y by u n in (2.6), we have
(3.6) 
− I n u n ,u n .
Next, we show that a sequence {u n } satisfying condition (3.3) and (3.4) is bounded.
. By the condition (C 2 ) and (3.6), we have Since β > 2, we know that { u n } is bounded. Since H 1 2γτ is a reflexive Banach space and the sequence {u n } is bounded, so {u n } has a weakly convergent subsequence. We still denote it by {u n } and suppose that u n u 0 in H 1 2γτ as n → ∞. So by (3.7) and the boundedness of u n , we get that This means that u n is convergent in H 1 2γτ , then, by Lemma 1.6, we get that the function I satisfies the P. S. condition. 
Define an n-dimensional linear space as follows:
For all x(t) ∈ S ρ X, we get that
By the periodicity of x(t), it is easy to see that
. On the other hand, by the condition (C 2 ), for all ε 0 > 0, there exists δ > 0, such that when u = (x(t),x(t − τ)) satisfies
we have
G t,x(t),x(t
At the same time, it is not difficult to see that
holds when x(t) ∈ S ρ X. So one gets
By the above equality and (3.17) as well as the periodicity of x(t − τ), we have 
Proof. For an arbitrary finite dimensional subspace
, by (C 2 ), we know that there exist constant α 1 > 0 and α 2 > 0 such that
So, for any given ϕ ∈ E 1 , ϕ H 1 2γτ = 1 and µ > 0, we have Remark 3.7. In fact, µ 0 is a minimum value of µ that the above inequality holds on the unit ball of the finite dimensional subspace E 1 .
For any given ϕ ∈ E 1 , ϕ H 1 2γτ = 1, when µ ≥ µ 0 , such that I(µϕ) < 0. So choosing R = µ 0 , we get that
(3.24)
Since E 1 was arbitrary, we know Lemma 3.6 holds.
By (A 2 ), we get that I(θ) = 0. So, by Lemmas 3.2, 3.4, and 3.6, we know that I has infinite nontrivial critical points, that is, the problem (1.7) has infinite nontrivial 2γτ-periodic solutions.
We next consider the nonlinear mixed-type delay equations
Our basic assumptions is that (A 1 ) f 1 (t,u 1 ,u 2 ,u 3 ) ∈ C(R 4 ,R), and ∂ f 1 (t,u 1 ,u 2 ,u 3 )/∂t = 0, and there exists a continuous function g 1 (t,u,v) ∈ C(R 2 ,R) such that
, and λ(t) ∈ C(R,R) satisfies λ(t + τ) = λ(t) as well as
Under the assumptions (A 1 ) ∼ (A 2 ), similar to Theorem 3.1, it is easy to see that the corresponding energy functional of the system (3.25) is Define the n-dimensional space E n = span β 1 (t),β 2 (t),...,β n (t) . On the other hand, we may choose ε such that 0 < ε < κn 2 π 2 /γ 2 τ 2 (2γ 2 τ 2 /n 2 − (π 2 + γ 2 τ 2 )/κ). By (F 2 ), we know that there exists δ > 0, when x n (t) 
